Let T be the unit circle on R 2 . Denote by BMO(T) the classical BMO space and denote by BMOD(T) the usual dyadic BMO space on T. Then, for suitably chosen δ ∈ R, we have
Introduction
Let T be the unit circle on R BMO(T) and the dyadic BMO space BMO D (T) have many similarities, but nevertheless certain differences. The dyadic BMO space is usually much easier to study. Some works have been done to study the relationship between the two kinds of BMO spaces (see [1] , [4] ). In this paper, we show that, for any positive δ suitably chosen (more precisely satisfying d(δ) > 0, with d(δ) as defined below) ϕ is in BMO(T) if and only if ϕ(·) and ϕ(· − 2πδ) are in BMO D (T). Clearly the analogous result holds on R with the same proof (see the final remark below).
The Main Result
Let A be the collection of all dyadic rationals. For 0 < δ < 1, define its relative distance to A, denoted by d(δ) in this paper, as follows
Let T be the unit circle in R 2 . For δ with d(δ) > 0, we consider the filtration D δ = {D δ n } n≥0 on T obtained from the usual dyadic filtration after translation by 2πδ. More precisely:
Hence, if we define ϕ BMO D δ (T)) in the usual way, we have
In this paper, we will say D (resp. D δ ) "fits" an interval I ⊂ T with fitconstant c if there exist n ≥ 0, 0
n | ≤ c|I|). Our key observation is the following simple fact.
Proposition 2.1 For any interval
Note that for any two points a,
Remark 1 From the above proposition, a number of "classical" results become immediate consequences of their "probabilistic" counterparts. For instance, Doob's maximal inequality implies the Hardy-Littlewood maximal inequality immediately.
Proof By the above proposition, for every interval
Thus, taking the supremum over all intervals I ⊂ T, we get
Example 1 Let δ = 1/3, then d(δ) = 1/3, and then
}. [2] ), but our main result seems new.
Remark 2 Let ϕ # (t) = sup I∋t
1 |I| I |ϕ−ϕ I |dθ and ϕ # D (t) = sup D k n ∋t 1 |D k n | D k n |ϕ− ϕ D k n
|dθ. It is easy to see that {δ, d(δ) > 0} is exactly the set of all δ's such that
We now turn to the case of dimension m > 1. By a straightforward product argument, one can deduce from the above proposition that BMO(T m ) coincides with the intersection of a family of 2 m translates of the dyadic version of BMO(T m ). However, we wish to show below that the number of translates can be reduced to m + 1.
In the following, we always suppose {δ i } m i=0 is a sequence in (0, 1) such that
Let D δi be the translation by 2πδ i of the family of the usual (one dimensional) dyadic σ-algebra. Set 
